Locally connected sets and functions  by Kaul, R.N et al.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 134, 30-45 (1988) 
Locally Connected Sets and Functions 
R. N. KAUL 
Department of Mathematics, University of Delhi, 
Delhi-IlO007. India 
AND 
VINOD LYALL AND SURJEET KAUR 
Department of Mathematics, 
Miranda House, University of Delhi, 
Delhi-110007, India 
Submitted by Shunji Osaki 
Received January 12, 1987 
In this paper, an attempt is made to define locally connected sets. This class 
generalizes the classes of arcwise connected sets considered by Avriel and Zang and 
locally star-shaped sets considered by Ewing. It is shown that there do exist sets 
which are locally connected but are not arcwise connected or locally star-shaped 
sets. Some basic properties of such sets are investigated. Generalizing arcwise con- 
nected functions and semilocally convex functions, we have introduced a new class 
of functions called locally connected functions. The idea of locally connected is also 
extended to locally Q-connected functions which generalize Q-connected functions 
introduced by Avriel and Zang. Some local-global minimum properties satisfied by 
such functions are described. C’ 1988 Academic PESS. h. 
1. INTRoDUOTI~N 
Ortega and Rheinboldt [S] introduced generalized convex functions in 
which a line segment joining two given points is replaced by a continuous 
arc joining those points. They are called arcwise connected functions and 
are defined on arcwise connected sets. Avriel and Zang [l] extended this 
concept to Q-connected functions and P-connected functions and charac- 
terized their local-global minimum properties. Singh [6] discussed some of 
the basic properties of arcwise connected sets and arcwise connected 
functions. Convexity has also been generalized from another angle by 
Ewing [2] when he introduced the concept of semilocally convex functions 
defined on locally star-shaped sets. Kaul and Kaur [3] extended the 
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same idea to define semilocally quasiconvex functions and semilocally 
pseudoconvex functions and investigated some of their properties. 
In Section 2 of this paper, which generalizes the concept of arcwise con- 
nected sets and locally star-shaped sets, we introduce a new class of sets 
which we call locally connected sets. Examples are given to show that there 
do exist sets which are locally connected but are neither arcwise connected 
nor locally star-shaped sets. Some elementary properties of these sets are 
given. (See also Kaul and Kaur [4].) 
In Section 3, a new class of functions called locally connected functions is 
introduced. We have shown by means of examples that there do exist 
functions which are locally connected but are neither arcwise connected 
nor semilocally convex. This new class of functions is characterized in 
terms of their epigraphs. 
In Section 4, we generalize Q-connected functions introduced by Avriel 
and Zang [l] to locally Q-connected functions. We show that the real- 
valued functions defined on locally connected sets are locally Q-connected 
if and only if they have locally connected level sets. We further give con- 
ditions under which the ratio of two locally connected functions becomes a 
locally Q-connected function. (See also Yadav and Mukherjee [7].) 
In Section 5, we give the local-global minimum properties of functions 
introduced in Section 4. 
2. LOCALLY CONNECTED SETS 
DEFINITION 2.1. A set Cc R” is said to be locally connected (LC) at 
X E C if corresponding to X and each x E C, there exist a maximum positive 
number u(X, x) < 1 and a vector-valued function H,,, defined on [0, l] c R 
such that 
for 0 < 1+ < ~(2, x) 
and H,,, is continuous in the interval 10, a(.?, x)[ with 
H,.Y(O) =x and H,, .( 1) = x. 
If C is locally connected at each of its points then C is said to be a locally 
connected set. 
In other words if C is a LC set, then for each pair of points x’, x2 E C, 
there exist a maximum positive number a(~‘, x2) < 1 and a vector-valued 
function H.,I, y;2 defined on [0, I] such that H,1,~2(12) E C for 0 < 1< 
a(x’ ) x2), 
H,I,~z is continuous in the interval IO, a(~‘, x*)[ (2.1) 
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with 
HX1,X2(0) =x1 and Hx1,,2( 1) = x2. (2.2) 
It may be noted that every arcwise connected set is locally connected 
and every set which is locally star-shaped at each of its points is locally 
connected with 
Hxl,x2(~) = (1 - 1) x1 + Ax2 
but the converse may not always be true. This is shown in the following 
example: 
EXAMPLE 2.1. Consider a set C in R* as 
NOW for any x0, x* E C, there exist a maximum positive number 
a(~‘, x*) < 1 and a vector-valued function 
H,o~,*(l) = ({ (1 - A)(xY)’ + n(x:)*} “*, { (1 - 1)(x;)* + n(x:)2} I’*), 
where 
for 0 < A< a(~‘, x*) 
and H,o,,- is continuous in the interval 10, a(~‘, x*)[ with 
H,o,,*(O) =x0 
Hence C is a LC set. 
and zfp,x’(l) = x*. 
It can be easily seen that the set C is neither arcwise connected nor is it a 
locally star-shaped set. 
PROPOSITION 2.1. Zf Cc R” is a LC set and d E R” then C + d is also a 
LC set. 
Proof: Let x’,x*EC+d, then x’=y’+d and x2=y2+d, where 
y’, y2 E C. Now y’, y2 E C and C is a LC set, therefore, there exist a 
maximum positive number a( y ‘, y’) < 1 and a vector-valued function H,I, ,,z 
defined on [0, 1 ] such that HY1,~(12) E C for 0 < A < a( y’, y2) and H,,I, Ye is 
continuous in the interval 10, a( y’, y’)[ satisfying H,,,,J(O) = yi, 
H,,, $( 1) = y2. 
Let RX1,X~(A) = HYl,Y~(A) +d. Then R X~,X2 is the desired arc for the pair 
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.x1, x2 E C + d such that A,,,,,(n) E C + d for 0 < )! < a(~‘, x2), where 
a(~‘, x2) = a(~‘, y2). Hence C+ d is a LC set. 
PROPOSITION 2.2. Let Cc R” be a LC set and a E R then UC is a LC set. 
Proof: Let x1, x2 E aC then x’ = ay’, x2 = cly2, where y’, y2 E C. Now C 
is a LC set and y’, y2 E C, therefore there exist a maximum positive number 
a(y’, y2) < 1 and a vector-valued function Hy1,,,2 defined on [0, l] c R such 
that H,+,,z(J) E C for 0 < ;1< a(y’, y2) and H,I,~~ is continuous in the inter- 
val 10, a(y’, y’)[ with H,I,~~z(O) = y’, H,,I,~~z( 1) = y2. Let R,,,,,(I) = 
&&I, .,,z( A). Then R.XI,_i 2(n) is the required arc for the pair of points 
x1, x2 E aC satisfying Hx1,.Y2(0) = x1 and R,I, r2( 1) =x2, Hence EC is a LC 
set. 
3. LOCALLY CONNECTED FUNCTION 
DEFINITION 3.1. A real-valued function defined on a LC set C c R” is 
said to be a locally connected (LCN) function if for each pair of points 
x’, x2 E C (with the corresponding function HX~,x2(IZ) and a maximum 
positive number a(x’, x2) satisfying the required conditions) there exists a 
positive number d(x’, x2) < a(~‘, x2) satisfying 
f(H.d,\-4~)) G (1 - J)f(x’) + &0x2), 0 < A < d(x’, x2). 
It may be noted here that every semilocally convex function is a locally 
connected function but not conversely. Also every arcwise connected 
function is a locally connected function but the converse is not necessarily 
true. 
We give below an example of a function which is LCN but is neither a 
semilocally convex function nor an arcwise connected function. 
EXAMPLE 3.1. Consider a LC set Cc R2 as 
c={(x,,x2):(x,)2+(x*)2~~,x~#x2,x,~o,x2>o). 
Let x0, x* E C, then there exists a maximum positive number a(x”, x*) < 1 
such that C is a LC set with respect to an arc H,o,; defined on [0, l] as 
H,o,,*(A) = ({( 1 - A)(xy + qx:)‘}“‘, { (1 - 2)(x;)’ + n(x:)2}1’2). 
This H,o,,*(A) E C for 0 < I. < a(xO, x*) and H,Ko,,- satisfies conditions 
(2.1)-(2.2) of a LC set. 
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Define a function f on C as 
f(x)= -wl)2+w2)2). 
Then 
fW.&*(4) = - [(I -4(x:)* + A(x:)2 + 2( 1 - 2)(x;)* + 21(x:)*] 
= -(1-~){(x~)*+2(x~)*}-~{(x:)*+2(x:)~) 
= (1 -/Q&O) + Af(x*). 
Hence f is a LCN function on a LC set C. 
Remark 3.1. Clearly this f is not a semilocally convex function, as the 
set C is not a locally star-shaped set. The function J is not even an arcwise 
connected function as C is not an arcwise connected set. 
DEFINITION 3.2. If Cc R” is a LC set and f is a real-valued function 
defined on C, then the set G,= ((x, a): XE C, a E R, f(x) 6 a} is said to be 
locally connected in x and locally star-shaped in a if for every pair of points 
(x’, ~1~) and (x2, a2) E G,, there exist an arc H,l,,z(A) E C, 0 < 1~ a(~‘, x2), 
a line segment (1 - A) a1 + Aa, E R, 0 < A< ~(a,, a2), and a positive number 
d((x’, a,), (x2, a*)) < Min{a(x’, x2), c(aI, a,)} such that 
(Hd,.AA), (1 -1) aI +;Ia2)~GfforO<1<d((x1, aI), (x2, a,)), 
where a(~‘, x2) < 1 and c(a,, a*) < 1 are the maximum positive numbers 
corresponding to xl, x2 E C and a1, a2 E R, respectively, and H,I,,~z is the 
corresponding function satisfying the required conditions of a LC set. 
THEOREM 3.1. Let Cc R” be a LC set and f be a real-valued function 
defined on C, then f is a LCN function if and only if its epigraph 
G,={(x,a):x~C,a~R,f(x)da} 
is LC in x and locally star-shaped in a. 
Proof: Let f be a LCN function delined on a LC set Cc R”. Let (x’, a,) 
and (x2, a2) E G,. Then x1, x2 E C, a1, a2 E R, and 
fW)Gal, f(x2)Ga2, (3.1) 
and since C is a LC set, there exist a maximum positive number 
a(x’, x2) < 1 and an arc HX~,X~ such that H,l,,z(A) E C for 0 < ;i < a(x’, x2), 
where HX~,x~ satisfies conditions (2.1)-(2.2) of a LC set. 
Also f is a LCN function on C, therefore there exists a positive 
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number d(xl, x’) Q a(~‘, x2) such that f(HX1,.Yz(A.)) d (1 - i,)f(x’) + A.f(x2), 
O<A<d(x’, x2); on using (3.1), we get 
.f(Hd,.d~)) G (1 - 1) a1 + Aa,, o<kd(x’,x*), 
showing (H,I,~z(~), (1-;1)a,+Aa,)~G~, O<E,<d((x’,a,), d(x2,a2))= 
d(x’, x’). Hence G, is LC in x and locally star-shaped in a. Conversely let 
G, be LC in x and locally star-shaped in c(. Now for each x’, x’ E C, 
(x’,f(x’)), (x2,f(x2))~ GP Then by the hypothesis there exists a positive 
number 
4(x’,f(x’)), (x*,f(x*))) < Min(a(x’, x2), c(f(x’),f(.x*))) d 1 
such that 
(H,I,~*(~.), (l-A)~(x’)+Q(x’))EG, for O<A<d((x’,f(x’), (x2,f(x2)), 
i.e., 
f(Hd, AA)) < (1 - i)f(x’) + jbf(X2), 0 < A < d((xl,f(x’), (x*,,f(x*)). 
Hence f is a LCN functon. It can be easily seen that: 
Iff is a real-valued function which is LCN on a LC set Cc R” then 
(i) kf is also a LCN function for any real k > 0, 
(ii) f+ k is also a LCN function for any real k. . - 
But the sum of any two LCN functions is not necessarily a LCN 
function unless they are both LCN with respect to the same arc for each 
pair of points. 
THEOREM 3.2. If f is a LCN function on a LC set Cc R” then the leoel 
set 
S,={x:x~C,f(x)<~~}isLCforeacha~R. 
Proqf Let x1, x2 E S,, then x1, x2 E C and 
fb’) G a, f(x')% aER (3.2) 
Since C is a LC set, therefore for x1, x2 E C, there exist a maximum positive 
number a(~‘, x2) < 1 and a vector-valued function H,l.,z defined on [0, 1 ] 
such that 
f?x’,.r4~) Ec for O<ka(x1,x2) 
and H .Yl,.X~ satisfies conditions (2.1t(2.2) of a LC set. 
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Also since f is a LCN function, therefore, there exists a positive number 
d(x’, x2) G&(X’, x2) such that 
f (H,l,G(A)) G (1 - A)f (x’) + lf(x2). 
On using (3.2), we have 
f (HXl.X2(lz)) d (1 - A) tl + Ia = a, 
i.e., HXl,X~(Iz) E S,. 
Hence S, is a LC set. 
THEOREM 3.3. If f is a LCN function defined on a LC set Cc R” and 
m = Inf,.. c f (x), then the following statements are true: 
(i) the subset A E C where m =f(x) is LC, 
(ii) $x0 is a local minimum off then m = f (x0) and therefore x0 is the 
global minimum off: 
Proof: (i) Suppose x’, x2 E A, then x’, x2 E C and 
f(x’)=m, f(x2)=m. (3.3) 
Now for x1, x2 E C, there exist a maximum positive number a(x’, x2) 6 1 
and a vector-valued function H,I,,z such that H,I,,z(A)E C for 0 < 1< 
a(x’, x2) and HX~,X2 satisfies conditions (2.1)-(2.2) of a LC set. 
Since f is a LCN function, there exists a positive number d(xl, x2) < 
a(x’, x2) such that 
f (HXI,.&)) G (1 - JJ)f (x’) + Jf (x2), 0 < II < d(x’, x2), 
i.e., 
(3.4) 
on using (3.3). Also for any 1 E IO, d(x’, x’)[, H,l,,z(J) E C and therefore 
f (H,l.,z(l)) 2 m. (3.5) 
From (3.4) and (3.5), we obtain 
f (QX2(~)) = m. 
Therefore H,I~,z(~) EA for 0 < 1< d(x’, x2). Hence A is a LC set. 
(ii) Suppose N&x0) is a neighbourhood of x0 with radius E > 0 
in which f is minimized at x0. Let x be any point of C, then for the 
pair x0, x E C, there exist a maximum positive number a(x’, x) < 1 and a 
LOCALLY CONNECTED SETS AND FUNCTIONS 37 
vector-alued function H,o X defined on [0, l] such that H,o,,(A) E C for 
0 < I < a(~‘, x) and H,o,, ‘is continuous in the interval 10, a(~‘, x)[ with 
HXo,,(0) = x0 and Hp,,( 1) = x. Also sincefis a LCN function, there exists a 
positive number d(x’, x) < 0(x0, x) such that 
f(H.ro..x(~)) G (1 - A)f(x”) + Af(x) for OK,~<~(X’,X). (3.6) 
Taking 1 sufficiently small such that N&x’) n H,o,.(E.) # 0, we have 
f(xO) Gf(H,o.x(~)). (3.7) 
Using (3.6) in (3.7), we further obtain 
f(xO) < (1 - ;I)f(xO) + E&x). 
Thus f(x”) = Inf,, cf( ) x , s h owing that x0 is the global minimum. 
THEOREM 3.4. Let f be a real-valued function defined on a LC set 
Cc R”. Then f is a LCN function if and only if, for each pair of points 
x1, x2 E C (with the corresponding function H l~,\-~(A) and a maximum positive 
number a(x’, x2) satisfying the required conditions), there exists a positive 
number d(x’, x2) 6 a(~‘, x2) such that 
f(H,l.,z(~))<(l-Il)cl+~p for O<kd(x’,x*) 
whenever f (x’) <a and f (x2) < /?. 
Proof: Let f be a LCN function defined on a LC set Cc R”. Let 
x’, x2 E C such that 
f(x’)<a and f (x2) < j. (3.8) 
Then by definition, there exist a maximum positive number a(~‘, x2) < 1 
and a vector-valued function H .,1,,2 defined on [0, 1 ] and a positive num- 
ber d(x’, x2) < a(~‘, x2) such that 
and 
H.d.x4~) E c for O<i<a(x’,x*) (3.9) 
f(HxlA~)) d (1 -l)f(x’) + Af(x2), O<I<d(x’,x*). (3.10) 
Making use of (3.8) in (3.10) we get 
f (H.y1,x41)) < (1 - A) a+ Q, 0 < A< d(x’, x2). (3.11) 
Conversely suppose that for every pair of points x’, x2 E C, with the 
corresponding continuous function Hx~,rr2(A) and a maximum positive 
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number a(~‘, x2) satisfying (3.9), there exists a positive number 
d(x’, x2) <u(x’, x2) such that (3.11) holds whenever f(x’) < CI and 
f(x*) < /I. We shall invoke Theorem 3.1 to demonstrate the LCN character 
off(x) by showing that the epigraph off (Epif) is LC. Let (x1, a) E Epi ,f 
and (x2, /I) E Epif: Then x1, x2 E C and j(x’) 6 tl, f(x’) < /I, where a, /I E R. 
Assume first that f(x’) < c( and f(x’) <b. Then according to the above 
hypothesis there exists a positive number d(x’, x2) Q a(~‘, x2) such that 
(3.11) holds. Thus 
showing that the epigraph off is LC in this case. 
Iff(x’) = cr,f(x*) = /I then the inequalitiesS(x’) < c1+ E andf(x*) </I + E 
hold for an arbitrary small positive number k. Arguing as above we 
conclude that 
f(KI,.d~)) < (1 - 2) a + @ + 67 0 < A< d(x’, x2), 
which on approaching E + 0 yields 
f(H,d..x4~)) G (1 -A) a + a 0 < A < d(x’, x2). 
Therefore in this case also 
showing that f is a LCN function. 
The other cases when f (xl) = CI and f (x2) < p, or f (x1) < c1 and f (x2) = p, 
can be discussed in a similar manner. 
THEOREM 3.5. Let Fc R” + ’ = {(x, u) : x E R”, u E R} be any set which is 
LC in x and locally star-shaped in u and let f (x) = Inf { u 1 (x, u) E F), then f 
is a LCN function on R”. 
Proof: Let a,, a2 E R and x1, x2 E R” such that 
f(x’)<%Y f(x2)<a2. 
Then there exist u’, u2e R such that (x1, U’)E F and (x2, U*)E F and 
f (xl) < u’ < al, f (x2) < #* < a*. Since F is LC in x and locally star-shaped 
in U, therefore there exists a maximum positive number d((x’, u’), 
(x2, a*)) < 1 such that 
(H,,,,z(l), (1 -A) d + Au*) E F, 0 < A< d((x’, ul), (x2, u’)). 
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By delinition off we obtain 
f(H,I, .*(A)) 6 (1 - 1) U’ + Ju2, 0 < I < d( (xl, u’), (x2, u2)). 
Hence by Theorem 3.4, f is a LCN function on R”. 
4. LOCALLY Q-CONNECTED FUNCTION 
DEFINITION 4.1. A real-valued function S defined on a LC set C c R” is 
said to be locally Q-connected (LQCN) if for every x’, x2~ C (with the 
corresponding function H1l,.Y~ (1.) and a maximum positive number a(.~‘, x2) 
satisfying the required conditions) there exists a positive number 
d(x’, x2) < a(~‘, x2) such that 
.f(.x’) Gf(x’) Jf(&2(~)) a-(x’) for O<E,<d(x’,x2). 
It may be noted that every function which is semilocally quasiconvex 
(SLQC) is also LQCN with H r~,x~(A) = (1 - A) x’ + lx*. Also every 
Q-connected function is LQCN but the converse is not true. 
We give below an example of a function which is LQCN. 
EXAMPLE 4.1. Consider a LC set Cc R’ as 
and consider a function f defined on C as 
f(x) = 4x2 if x:x? 6 16 
= 16 otherwise. 
For each x0, x* E C, let the connecting arc in C be defined as 
H,o,,s(3,) = (1 - 21%)x0 if 0cJ.G; 
=(2A-1)x* if $6i<l. 
Here f(HYo..,-(n)) <f(x’) whenever f(x*) <f(x’). Hence f is a LQCN 
function. 
Remark 4.1. It can be easily seen that this f is not semilocally 
quasiconvex because the set C is not locally star-shaped. It is not even 
Q-connected because the set C is not arcwise connected. 
THEOREM 4.1. Let f be a real-valued function defined on a LC set 
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CC R”, then f is LQCN if and only if the level sets of f given by 
S,= {x:xEC,f(x),<a} are LCfor each aER. 
Proof Let f be a LQCN function. Let x1, x2 E S, then 
f (x’) G a, f (x2) < a. (4.1) 
Also let 
f (x2) Gf (xl). (4.2) 
Since f is a LQCN function, there exists a positive number d(xl, x2) < 
a(.u’, x2) such that 
f (HXI,A~)) Gf (x’) for 0 < d < d(x’, x2), (4.3) 
where a(x’, x2) is the maximum positive number existing corresponding to 
x’, x2 E C and HXI,X~ is the connecting arc between x1 and x2 such that 
HX~,X~(l) E C for 0 < ,I< a(x’, x2) and H X~,X~ satisfies conditions (2.1)-(2.2) 
of a LC set. 
On using (4.1) and (4.3) we have 
fVL44) 6 a. (4.4) 
Therefore H,I,~~(A) ES,. Hence S, is a LC set, since a is arbitrary, therefore 
S, is LC for each a E R. Conversely let the level set S, be LC for each a E R. 
Let x1, x2 E C and f (x2) <f (x1) = j? (say), fi E R, then clearly x’, x2 E S,. 
Since S, is a LC set, therefore there exist a maximum positive number 
a(x’, x2) < 1 and a vector-valued function HI~,X~ defined on [0, l] such 
that 
Hxl,A~) E S, for O<l<a(x’,x*) 
and H,,,,z satisfies the conditions (2.1)-(2.2) of a LC set. Therefore 
f (Hzrl,AA)) G B =f (x1) for O<,l<d(x’,x*)=a(x’,x*). 
Hence f is a LQCN function. 
THEOREM 4.2. Let f and g be real-valued functions defined on a LC set 
Cc R” satisfying 
(i) f is a LCN function and f (x) < 0, Vx E C, 
(ii) g is a LCN function and g(x) > 0, Vx E C, 
(iii) f and g are LCN with respect o the same function H for each pair 
of points, 
then the ratio f/g is a LQCN function. 
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Proof: Because of Theorem 4.1, we need only show that the set 
S,= {x:xEC,f(x)/g(x)fa} is a LC set for each aeR. 
Now S, = {x: x E C, f(x) - ag(x) < 0) for any a E R. Let x’, x2 E S, then 
x’,x’~C and 
f(x’)-ag(x’)bO, f(x’) - ag(x’) < 0. (4.5) 
Now xi, x2 E C and C is a LC set, therefore there exist a maximum positive 
number a(~‘, x2) d 1 and a vector-valued function H,I, .2 defined on [0, 11 
such that H,,,,X~(lZ) E C for 0 < i < a(~‘, x2). Also H,I, r~ satisfies conditions 
(2.1)-(2.2) of a LC set. 
If a >, 0, then from the hypotheses (i), (ii), and (iii), 
f(Kl,,A~)) - ag(H,l,.AJ.)) Q 0. 
Therefore 
If a < 0, then by (i), (ii), and (iii), 
f(H.y~,.y4~)l- agVLl,.AJ)) 
Q(l-A)f(x’)+;zf(x2)--a((l-A)g(x1)+Jg(x2)) 
= (1 -~KfW)-adxl)l +4Xx2)-~s(x2)l 
< 0, 
where the last inequality follows on using (4.5). 
Therefore 
i.e., S, is a LC set. Hencef/g is a LQCN function. 
DEFINITION 4.2. A real-valued function f defined on a LC set C c R” is 
said to be a strictly locally Q-connected (SLQCN) function if for every 
x1, x2 E C (with the corresponding function Hx~,.X~(IZ) and a maximum 
positive number a(~‘, x2) satisfying the required conditions) there exists a 
positive number d(x’, x2) d a(~‘, x2) such that 
l-b’) <Ax’) -f(H1,A)) <Ax’) for O<A<d(x’,x2). 
EXAMPLE 4.2. Consider a LC set Cc R2 as 
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and let a function f defined on C be 
f(x) = (Xl )* - b2F 
For x0, x* E C, let the connecting arc be 
H,o,.*(l) = (1 - 21) x0 if O<A<$ 
=(22-1)x* if i<A<l. 
This function f is a SLQCN function. 
Remark 4.2. We give below an example of a real-valued function f 
defined on a LC set Cc R* which is a LQCN function but it is not a 
SLQCN function. 
EXAMPLE 4.3. We take the modified form of Example 4.2. Take a set 
Cc R* as 
and let a functionfdefined on C be 
f(x) = (Xl I2 - @*I2 if (x1)‘- (x2)* 6 9 
=9 otherwise 
and the connecting arc for x0, x* E C be 
H,o,,.(l) = (1 - 21) x0 if O<li+ 
=(21-1)x* if t<l< 1, 
then f is a LQCN but not a SLQCN function with respect to the arc 
~xo,.*(~). 
DEFINITION 4.3. A real-valued function f defined on a LC set Cc R” is 
said to be a strongly locally Q-connected (STLQCN) function if for every 
x’, X’E C (with the corresponding function H,I,,z(~) and a maximum 
positive number a(x’, x2) satisfying the required conditions) there exists a 
positive number d(x’, x2) < a(x’, x2) such that 
f (x2) sf (x’)t x2 #x'Jf(HX1,X2(~))~f(X1). 
EXAMPLE 4.4. Take the modified form of Example 4.1, i.e., we consider 
a LC set Cc R* as 
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and consider a function f defined on C as 
and the connecting arc is defined for x0, x* E C as 
H,o,,r*(A) = (1 - 21) x0 if O<Abt 
=(2/I-1)x’ if +<A<l. 
Thenfis a STLQCN function. 
Remark 4.3. If a real-valued function f defined on a LC set Cc R” is a 
STLQCN function then it is LQCN but not, conversely, as the function 
defined in Example 4.1 is LQCN, but it is not STLQCN with respect o the 
arc H,o,,.(A). 
5. LOCAL-GLOBAL MINIMUM PROPERTIES 
THEOREM 5.1. Zf f is a SLQCN function defined on a LC set C c R” and 
x* E C is local minimum off then x* is a global minimum of ,f over C. 
Proof. If possible let x* be not a global minimum. Then there exists 
x0 E C such that f (x0) <f (x*). For x*, x0 E C, there exist a vector-valued 
function H,. . Vo(Iz) and a maximum positive number a(x*, x0) f 1 such that 
H ~*,x~(Iz. 1 E c, 0 < A-c a(x*, x0) 
H ,*,.r@) = x*, H,*,.,o( 1 ) = x0. 
Since f is a SLQCN function, there exists a positive number 
4x*, x0) < a(x*, x0) such that 
f(H.x~.,&)) <f(x*), 0 < A < d(x*, x0). (5.1) 
Since x* is a local minimum, there exists A, such that 0 <I., < a(x*, x0) 
satisfying 
fb*) Gf(H.x.AJ)), I-E] 0, i,[. (5.2) 
But (5.2) contradicts (5.1). Hence x* is a global minimum. 
THEOREM 5.2. Let f be a real-valued function defined on a LC set 
Cc R”. Let f be a LQCN function and x* E C be a strict local minimum of.fi 
Then x* is a strict global minimum off on C. 
Proof: If possible let x* be not a strict global minimum off on C, then 
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there exists FE C such that f(Z) <f(x*). Since f is a LQCN function, there 
exists a positive number d(x*, 2) < a(~*, X) such that 
fwx*,,w ax* 13 0 < A< d(x*, X), (5.3) 
where a(~*, X) is the maximum positive number corresponding to x*, X E C 
and H,*,,(il) is the arc joining two points x*, 2 of C such that H,*,,(2) E C 
for O< I < a(~*, X) and is continuous in the interval JO, a(~$, i)[ with 
H,*,,(O) =x*, H,*,, (1) = X. Also x* is a strict local minimum. Therefore 
there exists 1, such that 0 < 1, < u(x*, X) satisfying 
f-(x*) <f(K*,S(n))? JE IQ A,[. (5.4) 
But (5.4) contradicts (5.3). Hence x* is a strict global minimum. 
THEOREM 5.3. Iff is a real-valued function defined on a LC set Cc R” 
and f is a strongly locally Q-connected (STLQCN) function, let x* E C be a 
local minimum off, then x* is the unique global minimum off on C. 
Proof: If possible let x* be not the unique global minimum, then there 
exists X’E C such that x0 #x* and f(x”) <f(x*). Since f is a strongly 
locally Q-connected function, therefore there exists a positive number 
d(x*, x0) ,< u(x*, x0) such that 
SW.x*.,(~)) <f(x*)T 0 < A< d(x*, x0), (5.5) 
where a(x*, x0) is the maximum positive number corresponding to x*, 
XOE C and Hx*,x~ is the arc joining two points x*, X’E C such that 
H,*,,o(L) E C, 0 < I < a(~*, x0), and H,.,, 0 is continuous in the interval 
30, a(x*, x”)[ with H,.,,o(0) =x*, H,-,,0(1) = x0. Also since x* is a local 
minimum off on C, therefore there exists 1, such that 0 <I, <a(~*, x0) 
and f satisfies the inequality 
f(x*) ~f(ftx*.xo(~))~ AE IQ AC. (5.6) 
But (5.6) contradicts (5.5). Hence x* is the unique global minimum. 
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